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PREFACE 
I n  t h i s  paper ,  t h e  au tho r s  d i s c u s s  t h e  t heo ry  of s t a r -  
shaped s e t s  and i t s  u s e s  i n  s tudying  some impor tan t  c l a s s e s  
of n o n d i f f e r e n t i a b l e  f u n c t i o n s .  This  t heo ry  seems t o  prov ide  
t o o l s  capab le  of d e a l i n g  wi th  many impor tan t  problems i n  non- 
smooth a n a l y s i s .  
Th i s  paper  i s  a  c o n t r i b u t i o n  t o  r e s e a r c h  on nondif-  
f e r e n t i a b l e  o p t i m i z a t i o n  c u r r e n t l y  underway w i t h i n  t h e  System 
and Decis ion Sc iences  Program. 
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The s t u d y  o f  q u a s i d i f f e r e n t i a b l e  f u n c t i o n s  i s  based 
on t h e  p r o p e r t i e s o f t h e  space  o f  convex sets. One ve ry  
i m p o r t a n t  co n cep t  i n  convex a n a l y s i s  i s  t h a t  of  t h e  gauge 
o f  a  se t .  However, t h e  d e f i n i t i o n  of  a  gauge d o e s  n o t  
r e q u i r e  c o n v e x i t y ,  and t h e r e f o r e  t h e  n o t i o n  of  a  gauge 
c a n  be ex tended  beyond convex sets  t o  a  much wider  c l a s s  
of sets. I n  t h i s  paper  t h e  a u t h o r s  deve lop  a  t heo ry  of  
gauge f u n c t i o n s  and s t udy  some p r o p e r t i e s  of s t a r - shaped  
sets. The r e s u l t s  a r e  t h e n  used  t o  s t u d y  nonsmooth ex- 
t r e m a l  problems (of  which problems i n v o l v i n g  q u a s i d i f -  
f e r e n t i a b l e  f u n c t i o n s  r e p r e s e n t  a  s p e c i a l  c l a s s ) .  
Key words:  Gauge, Star-Shaped S e t s ,  P o s i t i v e l y  Homo- 
geneous  F u n c t i o n s ,  D i r e c t i o n a l  D e r i v a t i v e s ,  Nonsmooth 
O p t i m i za t i o n ,  Q u a s i d i f f e r e n t i a b l e  F u n c t i o n s ,  Necessary 
C o n d i t i o n s .  
1 .  I n t r o d u c t i o n  
One v e r y  i m p o r t a n t  concep t  i n  s u b d i f f e r e n t i a l  c a l c u l u s  i s  
t h a t  o f  Minkowsk i  d u a l i t y ,  th rough  which e v e r y  convex compact 
s e t  i s  a s s o c i a t e d  w i t h  a  s p e c i f i c  s u p p o r t  f u n c t i o n .  The s t u d y  of  
q u a s i d i f f e r e n t i a b l e  f u n c t i o n s  (see [ I  -31 ) i s  e s s e n t i a l l y  based on 
t h e  p r o p e r t i e s  of t h e  space  o f  convex sets .  Making u s e  of  t h i s  
s p a c e ,  t h e  sum of a  convex f u n c t i o n  and a  concave f u n c t i o n  ca n  be  
a s s o c i a t e d  w i t h  e v e r y  c l a s s  of e q u i v a l e n t  p a i r s  o f  convex com- 
p a c t  sets .  
The concept  of  a gauge (a  guage f u n c t i o n  of a convex set  
con ta in ing  t h e  o r i g i n  [ 7 ] )  i s  v e r y  impor tan t  i n  convex a n a l y s i s .  
However, t h e  d e f i n i t i o n  of a guage does  n o t  r e q c i r e  t h e  c o r r e s -  
ponding s e t  t o  be convex b u t  on ly  t o  have a " s t a r  shape'' w i t h  
r e s p e c t  t o  i t s  "zero"  ( o r i g i n ) .  For t h i s  r e a s o n  t h e  i d e a  of a 
gauge i s  n o t  l i m i t e d  t o  convex sets, b u t  can be a p p l i e d  t o  a muck 
wider c l a s s  of sets a l t o g e t h e r  (correspondence between gauges 
and t h e s e  s e t s  h a s  long been recognized i n  t h e  geometry of num- 
b e r s  [ a ] ) .  When do ing  t h i s  it i s  convenien t  t o  c o n s i d e r  o n l y  
t hose  sets which a r e  s ta r - shaped  wi th  r e s p e c t  t o  t h e i r  ze ro  and 
which have a cont inuous  gauge. I n  t h e  p r e s e n t  paper ,  t h e s e s e t s  
w i l l  be c a l l e d  s t a r - s h a p e d .  I t  i s  p o s s i b l e  t o  i n t r o d u c e  a l -  
g e b r a i c  o p e r a t i o n s  ( c a l l e d  he re  i n v e r s e  a d d i t i o n  and i n v e r s e  
m u l t i p l i c a t i o n  by a nonnegat ive  number) w i t h i n  t h i s  fami ly  o f  
sets i n  such a way t h a t  t h e  n a t u r a l  correspondence between gauges 
and s t a r - shaped  sets becomes an a l g e b r a i c  isomorphism. T h i s  
a l lows  us t o  u s e  t h e  s t a n d a r d  a l g e b r a i c  t echn ique  normally used 
t o  c o n s t r u c t  t h e  space  of convex s e t s  t o  b u i l d  t h e  space  o f  
s ta r - shaped  sets. The d u a l i t y  between gauge f u n c t i o n s  and sup- 
p o r t  f u n c t i o n s  (which ho lds  i n  t h e  convex c a s e )  a l l ows  us t o  
c o n s i d e r  t h e  p o l a r  o p e r a t o r  a s a l i n e a r  mapping from t h e  space  
of s ta r - shaped  sets i n t o  t h e  space  of  convex sets. I t  is  t h e n  
p o s s i b l e  t o  look a t  some problems p rev ious ly  s t u d i e d  us ing  t h e  
space  of convex sets from a d i f f e r e n t ,  i n  some r e s p e c t s  more 
g e n e r a l ,  s t a n d p o i n t .  Th i s  i s  p a r t i c u l a r l y  u s e f u l  i n  q u a s i d i f -  
f e r e n t i a l  c a l c u l u s .  
I n  t h e  f i r s t  p a r t  of  t h i s  paper  w e  s tudy  s ta r - shaped  sets 
and t h e i r  gauges and t h e  fami ly  of  a l l  s t a r - shaped  s e t s .  Algebra ic  
o p e r a t i o n s  and an o r d e r  r e l a t i o n  a r e  i n t roduced ,  and t h e i r  pro- 
p e r t i e s  a r e  d i scus sed .  The p r o p e r t i e s  of  t h e  mapping which 
a s s o c i a t e s  every  s ta r - shaped  set  w i t h  i t s  gauge a r e  a l s o  con- 
s i d e r e d .  W e  t hen  d e f i n e  t h e  space  of  s ta r - shaped  sets and s tudy  
i t s  p r o p e r t i e s .  
The second p a r t  of t h e  paper  i s  concerned w i t h  a p p l i c a -  
t i o n s .  Of p a r t i c u l a r  importance i s  a  geomet r i ca l  i n t e r p r e t a t i o n  
of  t h e  d i r e c t i o n a l  d e r i v a t i v e  and i t s  a p p l i c a t i o n  t o  q u a s i d i f -  
f e r e n t i a b l e  f u n c t i o n s ,  and a  d e f i n i t i o n  of q u a s i d i f f e r e n t i a b l e  
mappings. W e  a l s o  d i s c u s s  t h e  asymptot ic  behavior  of  t r a j e c t o r i ~ s  
which a r e  genera ted  by mappings w i th  s ta r - shaped  images. 
2 .  Star-shaped sets and gauges  
D e f i n i t i o n .  A c losed  s u b s e t  U of  t h e  n-dimensional space  E 
n  
i s  c a l l e d  a  s tar - shaped  s e t  i f  it c o n t a i n s  t h e  o r i g i n  a s  an 
i n t e r i o r  p o i n t  and every  r a y  
does  n o t  i n t e r s e c t  t h e  boundary of U more than  once. 
To j u s t i f y  t h e  d e f i n i t i o n  w e  s h a l l  show t h a t  a  s ta r - shaped  
set U i s  s t a r - s h a p e d w i t h  r e s p e c t  t o  i t s  ze ro ,  i . e . ,  f o r  a l l  
p o i n t s . - x  E U t h e  set  U c o n t a i n s  t h e  i n t e r v a l  [ O f : < ]  = {Ax I A € [ o ,  :I 1 .  
Let u s  cons ide r  t h e  s e t  
u x = u n s x ,  
where x  # 0 . T h i s  set i s  c losed  s i n c e  it i s  a  s u b s e t  o f  t h e  
r a y  1 and t h e  e n d p o i n t s  o f  t h e  i n t e r v a l s  a d j o i n i n g  it a r e  t h e  
X 
b o u n d a r i e s  o f  U .  The f a c t  t h a t  U i s  s t a r - s h a p e d  i m p l i e s  e i t h e r  
t h a t  t h e r e  i s  no a d j o i n i n g  i n t e r v a l  ( i . e . ,  Ux = 1 ) o r  t h a t  an X 
a d j o i n i n g  i n t e r v a l  i s  unique  and of  t h e  form 
where v '  > 0. I n  t h i s  c a s e  Ux = [O,v 'xl  . 
The s t a r - s h a p e  of  U w i t h  r e s p e c t  t o  i t s  z e r o  f o l l o w s  i m -  
m e d i a t e l y  from t h e  above ,  and i s  e q u i v a l e n t  t o  e i t h e r  of  t h e  
two r e l a t i o n s  
R e c a l l  t h a t  a f i n i t e  f u n c t i o n  f  d e f i n e d  on En i s  c a l l e d  p o s i t i v e : ?  
homogeneous i f  
L e t  R be a se t  i n  En, 0  E i n t  R . The f u n c t i o n  
- 1 x 1  = I x  I ,  = i n f  {X > 0  ( x  E XR) 
i s  c a l l e d  t h e  gauge of  se t  R ( o r  t h e  Minkowski gauge f u n c t i o n ) .  
I f  R is  convex t h e n  t h e  gauge c o i n c i d e s  w i t h  t h e  gauge f u n c t i o n  
f a m i l i a r  from convex a n a l y s i s ;  i f  R i s  a b a l l  t h e n  t h e  gauge is  
a  norm c o r r e s p o n d i n g  t o  t h i s  b a l l .  
Theorem 1. Let s be a  f u n c t i o n a l  d e f i n e d  on En. The f o l l o w i n g  
p r o p o s i t i o n s  a r e  t h e n  e q u i v a l e n t :  
( a  l  t h e  f u n c t i o n a l  s i s  p o s i t i v e l y  homogeneous, n o n n e g a t i v e  
and c o n t i n u o u s ;  
( b l  s c o i n c i d e s  w i t h  t h e  gauge o f  a  s tar - shaped  s e t  R ,  where 
n =  {X ( S(X) I 1 1  . 
Proof. (a) Let s be a positively homogeneous, nonnegative, 
continuous functional and R = {x I s (x) I 1 1 . Then 
I x 1, = inf A > 0 1 S(X) I A 1  = S(X) . 
It is easy to check that the set R is star-shaped. 
(b) Let s coincide with the gauge of a star-shaped set R. 
Since R is star-shaped the set 
0 = {Ax I x E A R l  
X 
is a ray with vertex 1 x 1 x (where I I = I 1 R )  . This point 
belongs to R and is a boundary point of R if lxlf0 . Since 
R is closed then R = {x I 1x1 r 1 )  . 
It is clear that the gauge is both positively homogeneous 
and nonnegative. Let us now show that the gauge is continuous. 
Since the gauge is positively homogeneous itis enough to check 
that the set B1 = {x 1 1 x ( I 1 1  is closed and that the set 
B2 = {X I ( x  1 < l 1 . i ~  open. However, B must be closed since 1 
it coincides with R. Suppose now that B2 is not open. that 
x E B and that there exists a sequence {xkl such that 2 
xk + X. I xkl 2 1. Without loss of generality we can assume 
t h a t l i m  I x k l  = v  2 1  . Take yk = x k / ( x k (  . Then \ y  k  I =  1 
and t h e r e f o r e  yk is  a  boundary p o i n t  o f  R . S i n c e  y  - x/v  k  
t h e n  t h e  p o i n t  x/v i s  a l s o  a  boundary  p o i n t  of  R . I f  x#O i t  
f o l l o w s  t h a t  t h e  r a y  Lx i n t e r s e c t s  t h e  boundary  o f  R a t  a t  l e a s t  
two d i f f e r e n t  p o i n t s  x / l  x  I and x/v , which is  i m p o s s i b l e .  
I f  I x  ( = 0  t h e n  t h e  r a y  Lx l i e s  e n t i r e l y  i n  0 and ( f rom t h e  
d e f i n i t i o n  of  " s t a r - s h a p e d " )  does  n o t  c o n t a i n  any boundary p o i n t s  
o f  R . Thus t h e  gauge of  a  s t a r - s h a p e d  se t  must a l s o  b e  con- 
t i n u o u s  and t h e  theorem i s  proved.  
Remark. S i n c e  t h e  gauge i s  c o n t i n u o u s  and i n t  R c o i n c i d e s  w i t h  
t h e  set  {x  I I x  1 < 11 , R must  b e  r e g u l a r ,  i . e . ,  it c o i n c i d e s  
w i t h  t h e  c l o s u r e  o f  i t s  i n t e r i o r .  
L e t  u s  d e n o t e  by S t h e  s e t  of a l l  s t a r - s h a p e d  s u b s e t s  o f  
t h e  s p a c e  En, and by K t h e  f a m i l y  o f  a l l  n o n n e g a t i v e ,  c o n t i n u o u s ,  
p o s i t i v e l y  homogeneous f u n c t i o n s  d e f i n e d  on E . 
n  
The f o l l o w i n g  p r o p o s i t i o n  may t h e n  be deduced:  
P r o p o s i t i o n  1.  A mapping I) : S - K w h i c h  a s s o c i a t e s  a  guage 
w i t h  e v e r y  s ta r - shaped  s e t  is a  b i j e c t i o n .  
The set  K i s  a  cone i n  t h e  s p a c e  CO(En) o f  a l l  c o n t i n u o u s ,  
p o s i t i v e l y  homogeneous f u n c t i o n s  d e f i n e d  o n  En . S i n c e  e v e r y  
f u n c t i o n  from C (E ) i s  c o m p l e t e l y  d e f i n e d  by i t s  t r a c e  on  t h e  0  n  
u n i t  s p h e r e  S1 = { x E  En I 1x1 = 11 , where  1x1 i s  t h e  
e u c l i d e a n n o r m o f  x  , t h e  s p a c e C  (E  ) c a n b e i d e n t i f i e d w i t h t h e  0  n  
s p a c e  C(S)  ofallfunctionswhicharecontinuous on S  and t h e  cone  
K c o i n c i d e s w i t h t h e  c o n e o f  functionswhicharenonnegative on S . 
Assume t h a t  C (S)  (and hence  t h e  cone  K )  a r e  o r d e r e d  i n  s o m e  n a t u r a l  
way: f l  5 f 2 * f l ( x )  r f 2 ( x )  Vx . 
Let  u s  i n t r o d u c e  t h e  fo l lowing  o r d e r  r e l a t i o n  (by a n t i -  
i n c l u s i o n )  w i t h i n  t h e  fami ly  S of a l l  s t a r - shaped  s e t s :  
I t  f o l l o w s  immediately from t h e  d e f i n i t i o n  of a  gauqe 
t h a t  t h e  b i j e c t i o n  $ which a s s o c i a t e s  a  gauge w i t h  eve ry  s t a r -  
shaped set  is  an isomorphism of  o rde red  s e t s  S and K . I n  o t h e r  
words, r e l a t i o n s  R1 C R 2  and lx 1 > I x V X  a r e  e q u i v a l e n t  2  
(where \ . I i  i s  t h e  gauge of s e t  R i ) .  
The cone K i s a l a t t i c e  , i . e . ,  i f  f , , ~ ~ ~  t f m  E K t hen  f u n c t i o n s  
f  and ? d e f i n e d  by 
- 
- 
f ( x )  = min f i ( x ) ,  f ( x )  = max f i ( x )  
- 
a l s o  belong t o  K . Let  f i  be t h e  gauge of a  s t a r - shaped  s e t  
Ri . Then - f i s  t h e  gauge of  t h e  union - 2 = u Ri and Z i s  t h e  
7 
.I. 
gauge of t h e  i n t e r s e c t i o n  5 = fi Ri . T h i s  fo l lows  from t h e  
i 
r e l a t i o n s  
which can be v e r i f i e d  q u i t e  e a s i l y .  
Thus, t h e  union and i n t e r s e c t i o n  of  a f i n i t e  number of s t a r -  
shaped s e t s  a r e  themselves s ta r - shaped  s e t s .  Fur thermore,  t h e  union 
c o i n c i d e s  w i t h  t h e  infimum and t h e  i n t e r s e c t i o n  wi th  t h e  sup- 
remum of t h e s e  s e t s  i n  l a t t i c e  S . 
Proposition 2. Let  A be  a  s e t  o f  i n d i c e s  and Ua be a  s t a r -  
shaped s e t  w i t h  gauge [ - I a  . I f  t h e  f u n c t i o n  1x1 = inf 1x1 
aEA a 
i s  c o n t i n u o u s ,  t h e n  i t  i s  t h e  gauge o f  t h e  s e t  cl u Ua . I f  
CL .~ 
t h e  f u n c t i o n  1x1 = sup 1x1, i s  f i n i t e  and c o n t i n u o u s ,  t h e n  i t  
aEA 
i s  t h e  gauge o f  t h e  s e t  n Ua . 
a 
We shall prove only the first part of the proposition. 
Since the function 1x1 = inf l x l a  is continuous it follows from 
aEA 
Theorem 1  that this function is the gauge of some star-shaped 
set - R . It is now not difficult to check that 
Indeed, the continuity of functions 1 . 1  and [ . I a  implies that 
int _R = {x  I 1x1 < 1 1  = { x  I inf l x l a <  1 1  = U i n t  U a .  
a a 
Therefore, taking into account the regularity of star-shaped 
sets we get 
R = cl int n = cl u int Ua = cl U Ua . 
- - 
a a 
This proves the first part of the proposition. 
3. Addition and multiplication 
The algebraic operations of addition and multiplication 
by a nonnegative number have been introduced within the family 
K of gauges of star-shaped sets in a natural way. We shall now 
introduce corresponding operations within the fanilyS with the 
help of isomorphism $ . 
Let R  C S ,  X 2 0 . We shall describe the set X 0 R  with 
gauge 1 . 1  = X [ . l a  , where 1 . 1  is the gauge of R  , as the R  
i n v e r s e  p r o d u c t  of set R  and number X . 
The set R1 63 R 2  with gauge 1 . 1  which satisfies the relation 
where / . I i  is the gauge of set Ri , is called the i n v e r s e  sum 
of the star-shaped sets R1 and R 2  . 
It follows from the definition that if X > 0 then 
If X=O then the set X 0 R  coincides with the entire space E . 
n 
We shall now describe inverse summation. To do this we 
require the following elementary proposition. 
Proposition 3. L e t  al, ..., a be n o n n e g a t i v e  number s .  Then 
m 
1 
a + ... + a  = min max - 1 m a a ai20 i i i 
( w h e r e  i t  i s  a s sumed  t h a t  0/0 = 0). 
If a.=O Vi then ( 4 )  is trivial. Otherwise, for any set 
1 
{ai] such that ai 5 0 , Z a = 1 there exists an index j such i 
that 
1 
and therefore max a a 2 Z ak . At the same time i i i k= 1 
I 
max y a = Z ak , and this proves the proposition. 
i a i k= 1 i 
NOW let us consider star-shaped sets nl and .Q2 with gauges 
1 . 1  and 1 . 1  respectively, and let 1 . 1  be the gauge of their 
1 n2 
inverse sum R FB R2 . Then the following equality holds for every 1 
- min max 
Ixlanl I x l  (l-a~n = min 1x1 , 2 a 01as1 OIa11 
where I .  I is the gauge of set anl n (1-a)n2 . (It is assumed 
a 
that 0-Q = n an . )  
a>o 
Since the function 1 . 1  is continuous it follows from Pro- 
position 2 that 
Note that the role of zero (a neutral element) with respect 
to summation in a "semilinear space" S is played by the space 
En (since the gauge of En coincides with the identity zero). At 
the same time, En is the smallest element of the ordered set S . 
We shall now give some computational examples. 
+ Example 1. Cons ide r  t h e  f o l l o w i n g  r e c t a n g l e s  i n  E - 2 
T h e i r  i n v e r s e  sum c o i n c i d e s  w i t h  an  oc tagon  which i s  sym- 
metric w i t h  r e s p e c t  t o  t h e  c o o r d i n a t e  axes .  The i n t e r s e c t i o n  
of  t h i s  oc tagon  w i t h  t h e  f i r s t  q u a d r a n t  has  t h e  v e r t i c e s :  
R e c t a n g l e s  U and V1 and t h e i r  i n v e r s e  sum are shown i n  F i g .  1 .  
The se t  U $ V10 i s  shown i n  F i g .  2. 
Example 2. L e t  U = i ( x , y )  E ~ ~ ( ~ 5 1 1  a n d V  = i ( x , y )  E ~ ~ l x 5 1 )  . 
The se t  U $ V i s  d e p i c t e d  i n  F i g .  3 .  
Example 3 .  S e t s  U and V are p r e s e n t e d  i n  F i g s .  4 ( a )  and 4 ( b )  , 
r e s p e c t i v e l y ;  t h e  set  U 8 V  c o i n c i d e s  w i t h  t h e  i n t e r s e c t i o n  of 
U and V (see F i g .  4 ( c ) ) .  
4 .  The cone of  s t a r - s h a p e d  sets 
W e  s h a l l  now d e s c r i b e  t h e  v e c t o r  s p a c e  g e n e r a t e d  by t h e  
"cone"  of s t a r - s h a p e d  sets  S f o r  which a n  o r d e r  r e l a t i o n  ( w i t h  
r e s p e c t  t o  a n t i - i n c l u s i o n )  and i n v e r s e  a l g e b r a i c  o p e r a t i o n s  
have  been d e f i n e d .  
Z L e t  S be t h e  se t  o f  p a i r s  ( U 1  , U 2 )  , where Ui E S . L e t  us  
i n t r o d u c e  w i t h i n  s2 t h e  o p e r a t i o n s  o f  i n v e r s e  a d d i t i o n  (s and 
i n v e r s e  m u l t i p l i c a t i o n  by a  number , and a  p r e o r d e r i n g  
F I G U R E  1 
F I G U R E  2 F I G U R E  3 
F I G U R E  4 ( a )  F I G U R E .  4 (b) F I G U R E  4 (c) 
r e l a t i o n  1 and an equiva lence  r e l a t i o n  - . These a r e  d e f i n e d  
as fo l lows:  
W e  s h a l l  now f a c t o r i z e  t h e  set  S2 wi th  r e s p e c t  t o  t h e  
equiva lence  r e l a t i o n  - . I n  o t h e r  words, we s h a l l  c o n s i d e r  
t h e  fami ly  T of a l l  c l a s s e s  of e q u i v a l e n t  p a i r s .  S i n c e  t h e  
o p e r a t o r s  Q and O produce e q u i v a l e n t  p a i r s  when a p p l i e d  t o  
e q u i v a l e n t  p a i r s ,  t h e  o p e r a t i o n s  f o r  i n v e r s e  summation and 
i n v e r s e  m u l t i p l i c a t i o n  by a number can be in t roduced  w i t h i n  
T i n  q u i t e  a n a t u r a l  way. 
2  The o r d e r  r e l a t i o n  w i t h i n  T i s  de r ived  n a t u r a l l y  from S  . 
An element  of T which c o n t a i n s  a given p a i r  ( U  , U 2 )  w i l l  be 1 
denoted by [ U ~ , U ~ ]  . We s h a l l  i d e n t i f y  an e lement  U of  t h e  s e t  
S w i t h  t h e  e lement  [u .E , ]  of t h e  set  T . The e q u a l i t y  
(where 5 €3 I-I = 5 8 ( - 1 )  O I-I) t h e n  imp l i e s  t h a t  eve ry  e lement  
of T can be r ep re sen ted  as t h e  d i f f e r e n c e  of two e lements  o f S  , 
i . e . ,  T i s  t h e  s m a l l e s t  vector-ordered space c o n t a i n i n g  S  . 
For this reason we shall calls the space of star-shaped sets 
(compare with the space of convex sets). 
We shall associate with every pair (U1 ,U2) E S*  a positively 
homogeneous function f = 1 . 1 - 1 . 1 , where 1 .  1 is the gauge 
of ui . It is clear that two pairs generate the same function 
if and only if they are equivalent. Hence, the function 
f = 1 . 1 - I . 1, E C (E ) is associated with every element [ u1 ,U2] 1 9 n 
of the space T . 
Conversely, by representing a continuous positively homo- 
geneous function f in various forms f = fl - f2 (where fi E K), 
we conclude that every element of the space CO(En) is associated 
with the class of equivalent pairs [ ~ ~ , U ~ ] , w h e r e  U1={xlfi(x)~l) . 
Identifying, as above, a star-shaped set U with the element 
[ UtEn] C T , we conclude that the mapping 
is an extension of the bijection 4) : T - K (which associates a 
gauge with a star-shaped set) to the bijection T - C (E ) . We C n 
shall use the same symbol $ to denote this bijection and refer 
to it as a natural isomorphism. 
It is clear that $ preserves both the algebraic operations 
and the order relation. It is also clear that T, CO(En) and 
C(S1) can be viewed as different manifestations of the same 
ordered vector space. 
It is well-known that the space C(S is a vector lattice: 
m 
its elements fl , . . . ,f include a point-wise supremum V f i  and 
m 
m i=l 
a point-wise infimum A fi . In addition, if fi=fli-f2i then 
i=l 
W e  may now conc lude  t h a t  t h e  s p a c e  T i s  a l s o  a  v e c t o r  l a t t i c e :  
i f  a l l . .  . , a  E T , a  = [ Uli,U2i] t h e n  
m i 
m m m 
~a~ = [ u ( u l k  @ ( C @ U 2  ( @ ) U Z i l l  (7) 
i = l  k= 1  i f k  i = l  
where (C @) d e n o t e s  t h e  i n v e r s e  sum of  t h e  c o r r e s p o n d i n g  terms. 
From ( 6 )  and t h e  r e l a t i o n  
w e  conc lude  t h a t  
m m m Aai = [ (  C @ ) U l i r  n (U,k @ ( " @ ) U l i ) ] *  ( 8 )  
i = l  i= 1 k= 1  i f k  
Equa t ion  ( 8 )  i s  i n  some r e s p e c t s  more c o n v e n i e n t  t h a n  ( 7 ) .  
L e t  a  = [ U  ,U2] b e  an e l e m e n t  o f  t h e  s p a c e  of s t a r - s h a p e d  1  
sets,  and f = l . l l  - 1 . 1 2  b e  t h e  c o r r e s p o n d i n g  p o s i t i v e l y  homo- 
geneous  f u n c t i o n .  
Let V = {x(f(x) I 1) . The set V is star-shaped. It is not 
difficult to check that the element a+ = aV0 - coincides with 
[v,E,], i.e., that V is the smallest (in the sense of the or- 
dering within S , or the largest with respect to inclusion) 
star-shaped set with the property U, 3 U2 8 V . 
We shall now introduce a norm 1.  ) within the space CO (En) . 
1f f E CO(En) then 
If(x) 1 1 f 1 = max I 
*En llxll 
where I I . ) I  is the euclidean norm in En . The corresponding 
norm in c(Sl) is I f  1 = max lf(z) I . 
zES 
In what follows we shall use the equality 
Let B be the unit ball in En . The element e = (B,En) of 
the space T corresponds to the function 1 ) .  I (  , and the element 
-e = (En,B) to the function - I / . ( \  . 
Let us define the following norm in T : 
where a E E . 
n 
If a = [u1,U21 then 
1 1 I a I = inf {A > Olul 3 U2 8 x B : U2 3 U, O x B I  . 
For  a s t a r - s h a p e d  s e t  U w e  s e t  I u (  = I [u,E,] I and t h e r e f o r e  
l u l  = i n f  { A  > O ( A U  3 B I  i n f  { X  > O I U  3 X O B }  . 
L e t  X b e  a s t a r - s h a p e d  compact set i n  En , and Z b e  some 
s u b s e t  o f  t h e  f a m i l y  S ( X )  o f  a l l  s t a r - s h a p e d  s u b s e t s  o f  X . 
L e t  U E  E , and 1 . 1 ,  b e  t h e  gauge o f  U . W e  s h a l l  c o n s i d e r  t h e  
sets 
( t h e  boundary o f  U )  and 
P r o p o s i t i o n - 4 .  L e t  a  s u b s e t  E o f  t h e  space  S(X)  be c l o s e d  i n  
t h e  t o p o l o g y  o f  t h e  s p a c e  o f  s t a r - s h a p e d  s e t s  T. The s e t  E i s  
compact  i n  t h i s  t o p o l o g y  i f  and o n l y  i f  
(i) t h e r e  e x i s t s  a  ne ighborhood  6 o f  z e r o  such  t h a t  ~ C U  V U E  t ; 
(ii) f o r  e v e r y  E>O t h e r e  e x i s t s  a  6>0 s u c h  t h a t  aU+B6 C  a: , 
where B6 = { x i  1x1 < 6 1  . 
P r o o f .  L e t  u s  c o n s i d e r  t h e  set C of  a l l  f u n c t i o n s  f rom C (S ) -- I - I 
t h i s  r e p r e s e n t s  a  c o n t r a c t i o n  (on S 1 )  of  t h e  gauges  of  sets from 
. The f a c t  t h a t  t h e  set  C is  compact i s  e q u i v a l e n t  t o  t h e  set 
Z b e i n g  compact .  By t h e  A r z e l s - A s c o l i  theorem t h i s  p r o p e r t y  
1 . 1  
of E i s  e q u i v a l e n t  t o  t h i s  se t  b e i n g  bounded and e q u i c o n t i n u o u s .  1 - 1  
I t  is  clear  t h a t  c o n d i t i o n  (i) i s s a t i s f i e d i f a n d o n l y  if i s  1 . 1  
bounded. 
W e  s h a l l  now show t h a t  c o n d i t i o n  (ii) i s  e q u i v a l e n t  t o  E b e i n g  I I 
e q u i c o n t i n u o u s ,  assuming t h a t  (i) h o l d s .  L e t  c o n d i t i o n  (ii) b e  
s a t i s f i e d  and U E  E . 
-18- 
E I f  l x l U =  1 and I lx -y I I  < 6 , t h e n ~ E 6 ~  , i . e . ,  
I I Y  I U  - 1  [ < E l  
o r ,  e q u i v a l e n t l y ,  
I I Y  l u  - lx Iu I  < '  
S e t  
S i n c e  X is  compact t h e r e  e x i s t s  a  number R such  t h a t  RxIl < R 
t l x  E X . C o n d i t i o n  (i)  i m p l i e s  t h a t  t h e r e e x i s t s  a n  r s u c h t h a t  
11x1 > r ( f rom t h e  r e l a t i o n  l x l U  = 1 f o r  U E Z ) .  
W e  s h a l l  now e v a l u a t e  t h e  d i f f e r e n c e  x u - y '  : 
X IXLY' I = 1- - --Y- = xlyn-ylxn 
n x  II A y  ll I 1 Ilxl * l y l  1 = 
= j xnyn-ynyi+ynyn-ynxn 
I I X N  I I Y ~  n x n .  n y n  
I I ~ I I  - l l ~ - ~ n  + H Y N  I I X H  - I I Y I I  I 2 11 x-y II 
I - I <y-= 26 6 ' .  
II n II II II x li 
T h i s  means t h a t  f u n c t i o n s  f rom x are e q u i c o n t i n u o u s .  1 . 1  
Assume t h a t  t h e  f u n c t i o n s  from x a r e  e q u i c o n t i n u o u s  as 1 - 1  
proposed  above,  i . e . ,  f o r  e v e r y  E ' > O  t h e r e  e x i s t s  a  6 ' > 0  such 
. 
t h a t  
where I x l n = l ,  l y l n = l ,  and [XI -y11<6 '  . 
L e t  R and r be t h e  numbers d e f i n e d  above. F i x  E > 0 and 
l e t  E '  < E / R  . For  E '  l e t  u s  f i n d  6 '  , t h e  e x i s t e n c e  of which 
h a s  a l r e a d y  been e s t a b l i s h e d .  Choose 6 > 0 such  t h a t  
6 < (E- RE')^ and 6 < 6 '  . 
v'r ( r - 6 )  
From t h i s  i n e q u a l i t y  and from t h e  i d e n t i t y  
it f o l l o w s  t h a t  t h e  r e l a t i o n  Ix-yIl < 6 i m p l i e s  t h e  i n e q u a l i t y  
X 
11 KT- l y  < 6 ' . n y l l  
L e t  u E 8 and x  E a U  , i . e . ,  / x IU=1  and Y x + B6 Take 
Now 
Here w e  have used t h e  i n e q u a l i t y  l y '  ( < 1 / r  I i - e m I  u - 
E 
o r ,  e q u i v a l e n t l y ,  y  E a U  . T h i s  c o m p l e t e s  t h e  p r o o f .  
Remark. L e t  Z be t h e  f a m i l y  o f  a l l  convex compact sets b e l o n g i n g  
t o  X f o r  which c o n d i t i o n  (i) of  P r o p o s i t i o n 4 i s  s a t i s f i e d .  Then 
it i s  n o t  d i f f i c u l t  t o  show t h a t  se t  Z i s  e q u i c o n t i n u o u s  1 . 1  
and t h e r e f o r e  Z i s  compact .  
The s p a c e  of  convex s e t s  
I n  c o n j u n c t i o n  w i t h  t h e  s p a c e  o f  s t a r - s h a p e d  sets T , w e  
s h a l l  c o n s i d e r  t h e  s p a c e  of convex sets  M ( s e e  [ 5 ,  c h a p t e r  I ]  . 3 e c a l l  
t h a t  t h i s  s p a c e  c o n s i s t s  of  c l a s s e s  o f  e q u i v a l e n t  p a i r s  [u,v], 
where U and V a r e  convex compact sets i n  En and t h e  e q u i v a l e n c e  
r e l a t i o n  i s  d e f i n e d  by 
The a l g e b r a i c  o p e r a t i o n s  i n  M a r e  def ined  a s  fo l lows:  
The o r d e r  r e l a t i o n  1 is  g iven  by 
Le t  L be t h e  subspace  of  t h e  space C o ( E n )  which c o n s i s t s  of 
f u n c t i o n s  which can be  r e p r e s e n t e d  by t h e  sum of  a  convex 
f u n c t i o n  and a  concave f u n c t i o n .  The mapping 0 : M - L def ined  
by 
a ( [  u,v] ) (x)  = max ( u , x )  + min (v ,x )  
UEU vfv 
i s  an a l g e b r a i c  and o r d e r i n g  isomorphism (it i s ,  of  cou r se ,  
assumed t h a t  L i s  prov ided  w i t h  n a t u r a l  a l g e b r a i c  o p e r a t i o n s  
and an o r d e r  r e l a t i o n ) .  
- 
The i n v e r s e  mapping Q-I a s s o c i a t e s  an element [Pp ,aq]  from 
M wi th  a  f u n c t i o n  p  + q E L ( h e r e  ap  - i s  t h e  s u b d i f f e r e n t i a l  
- 
of t h e  s u b l i n e a r  f u n c t i o n a l  p  and aq i s  t h e  s u p e r d i f f e r e n t i a l  
of  t h e  s u p e r l i n e a r  f u n c t i o n a l  q ) .  
Le t  us  c o n s i d e r  a  s u b s e t  U of t h e  space E . L e t  U" denote  
n  
i t s  po la r :  
Here (and i n  ( 9 ) )  ( y , x )  i s  t h e  s c a l a r  p roduc t  of  y  and x  . 
Le t  us  r e c a l l  t h e  main p r o p e r t i e s  of  t h e  p o l a r :  
( i )  The s e t  UO i s  convex and c lo sed ;  0 E UO . 
(ii) I f  U i s  convex and c lo sed  and 0 E U , t hen  uo0=u . 
(iii) U is  compact i f  and on ly  i f  0 E i n t  UO . 
( i v )  Le t  U be a  convex c lo sed  s e t ,  w i t h  0 E U . Then t h e  
gauge func t ion  of  U c o i n c i d e s  w i th  t h e  suppor t  f u n c t i o n  of  t h e  
p o l a r  u0 and t h e  suppor t  f u n c t i o n  of  U c o i n c i d e s  w i t h  t h e  gauge 
f u n c t i o n  of t h e  p o l a r .  
( v )  Le t  U1 and U2 be convex and c lo sed  and l e t  0 E U 1 ,  0 E U2 . 
Then t h e  r e l a t i o n s  U1 3 U 2  , u;) C U; are e q u i v a l e n t  and 
N o w  l e t  us  c o n s i d e r  s ta r - shaped  convex s e t s  U, and U . Since 2 
0 E i n t  Ui , t h e  p o l a r  U: i s  compact. S ince  t h e  gauge I .  1 i 
of  t h e  set Ui c o i n c i d e s  w i t h  t h e  suppor t  f u n c t i o n  o f  t h e  p o l a r  
up , t h e  fo l lowing  r e l a t i o n  holds:  
1x1 - IxI2 = max (1,~) - max (1,x) = 
leu; leu; 
= max- (1,x) + min (1,x) . 
Let $1 and 4 be mappings defined by formulas (5) and (9) 
respectively, a be an element of the space T containing the 
pair (U1 ,U2) , and B be an element of the space M containing 
0 0 the pair (U1, -U2) . From (10) it follows that 
and hence 
B = (@-I$) (a) . 
-1 The operator IT=@ I) defines the operation of taking the polar 
( a r r  is the polar operator). It is defined on the subspace T 
C 
of the space T which consists of elements a such that there 
exists a pair (U,V) E a , where U and V are convex sets. 
It is clear that Tc is a linear space (this follows from the 
equivalence of the convexity of a star-shaped set and that of 
its gauge). 
The set  o f  v a l u e s  o f  t h e  o p e r a t o r  IT c o i n c i d e s  w i t h  t h e  
s p a c e  of convex sets.  Indeed ,  f o r  6 E M it i s  a lways  
p o s s i b l e  t o  f i n d  a p a i r  ( U , V )  E  f3 s u c h  t h a t  0  E U ,  0  E  V . 
0 0 0 Then U = (uO10 , V = (V ) s o  t h a t  B=ra , where  a=[U ,vO] E T . 
C 
From t h e  p r o p e r t i e s  o f  t h e  p o l a r  it f o l l o w s  t h a t  t h e  o p e r a t o r  
IT i s  l i n e a r  and  o r d e r - p r e s e r v i n g  . 
6.  Quasidifferentiabilityand a g e o m e t r i c a l  i n t e r p r e t a t i o n o f  
d i r e c t i o n a l  d e r i v a t i v e s  
The s p a c e  o f  s t a r - s h a p e d  sets can b e  u s e d  t o  p r o v i d e  a 
g e o m e t r i c a l  i n t e r p r e t a t i o n  o f  d i r e c t i o n a l  d e r i v a t i v e s .  L e t  f  
b e  a f u n c t i o n  d e f i n e d  on an  open se t  R C E a n d  suppose  t h a t  a t  
n  
a p o i n t  x  E  En w e  c a n  c o n s t r u c t  t h e  d i r e c t i o n a l  d e r i v a t i v e  o f  f :  
where t h e  f u n c t i o n  f '  ( g )  is  c o n t i n u o u s  i n  g  . 
X 
S i n c e  t h e  f u n c t i o n a l  f; i s  p o s i t i v e l y  homogeneous, a n  
e l e m e n t  o f  t h e  s p a c e  T of  s t a r - s h a p e d  se ts  i s  a s s o c i a t e d  w i t h  
f '  . I n  o t h e r  words ,  a p a i r  o f  s t a r - s h a p e d  sets  ( U , V )  e x i s t s  
X 
s u c h  t h a t  
f * ( g )  = min {A > O l g  E  XU) - min {A > O ( g  E  AV} 
X 
o r ,  e q u i v a l e n t l y ,  
f l ( g )  = min {A > O l g  E  XU) + max {X < O l g  E ( - ~ ) V ) .  (11)  
X 
Note ( f rom e q u a t i o n  ( 1  1 ) )  t h a t  t h e  p a i r s  ( U , V )  and ( U 1  , V 1 )  
r e p r e s e n t  t h e  d e r i v a t i v e  of  f  i f  and o n l y  i f  t h e y  are e q u i v a l e n t .  
L e t  u s  d e n o t e  t h e  set  U i n  ( 1 1 )  by d f  - ( x )  and t h e  se t  V by a f  ( x )  . 
Invok ing  t h e  p r o p e r t i e s  of  t h e  s p a c e  T of  s t a r - s h a p e d  sets ,  it 
i s  p o s s i b l e  t o  s t a t e  r u l e s  f o r  a l g e b r a i c  o p e r a t i o n s  o v e r  func-  
t i o n s  and  t h e  c o r r e s p o n d i n g  p a i r s :  
a ( f l w f 2 )  ( x )  = f l  ( x )  0 B f 2 ( x )  Q f 2 ( x )  O d f l  ( x )  . 
Using f o r m u l a s  ( 6 )  and ( 7 )  and t h e  r u l e s  f o r  d i f f e r e n t i a b i l i t y  
o f  t h e  maximum f u n c t i o n  it i s  e a s y  t o  f i n d  
I t  i s  c l e a r  t h a t  a f u n c t i o n  f i s  q u a s i d i f f e r e n t i a b l e  a t  
x i f  and o n l y  i f  t h e r e  e x i s t  convex sets d f ( x )  - and i f  ( x )  . I n  
t h i s  c a s e  
- 
where - af ( x )  and a f  ( x )  a r e  a s u b d i f f e r e n t i a l  and a s u p e r d i f -  
f e r e n t i a l  , r e s p e c t i v e l y ,  of f a t  x  . 
W e  s h a l l  now p r e s e n t  a g e o m e t r i c a l  i n t e r p r e t a t i o n  of neces-  
s a r y  c o n d i t i o n s  f o r  a minimum. I t  i s  b a s e d  on t h e  fo l lowing  
lemma. 
Lemma 1 .  Let a functional f  be directionally differentiable 
at x  E E n ,  the derivative f l ( g )  be continuous in g  and K be 
X 
a cone in E . Then 
n  
(i) The relation 
is satisfied if and only if df - ( x )  n K C i f  ( x )  . 
(ii) The relation 
max f;(g) = 0 
g  EK 
is satisfied if and only if df ( x )  n K C df  - ( x )  . 
Proof .  Le t  u s  w r i t e  f '  ( g )  i n  t h e  form 
X 
where 1 . is  t h e  gauge of t h e  s e t  i f  ( x )  and 1 . 1 i s  t h e  gauge 
of t h e  s e t  df  ( x )  . Assume t h a t  
min f;(g) = 0  and g  E  i f ( x )  n K . 
g  EK 
Then l g 1 1 5 1  and / g l  - lg21 2 0 , s o t h a t  l g 1 2 S 1 . w h i c h  1 
i s  e q u i v a l e n t  t o  t h e  i n c l u s i o n  g  E i f  ( x )  . Thus, we have 
df - (x )  n K c df ( x )  . 
Arguing from the other direction, suppose that this last 
inclusion holds. For a g E K such that lgll > 0 let us find 
a X > 0 such that 1XgI1 = 1 . Then Ag E df - (x) . But since 
Xg E if(x) we have the inequality (Xgl I 1 . This means that 2 
1911 - 1912 = ft(g) x 2 0 . Thus, if (gI1 = 0 then lgI2 = 0 
(since lgI2 lg!l) . 
Part (ii) of the lemma can be proved in the same way. 
Let x E !2 c En . By yx we shall denote the cone of feasible 
directions of the set R at the point x , i.e., g E yx if 
x + ag E !2 V u E (O,uo] , where u is some positive number (which 0 
depends on x and g 1 .  
Let rx denote the cone of feasible (in a broad sense) 
directions of !2 at x : g E rxif for any E>O there exists an 
element g E BE (g) Z {ql llq-gl < E} and a number a E (0,~) E E 
such that x + uEgE E !2 . 
A functional f defined on an open set R C E is said to be 
n 
uniformly directionally differentiable at x E R if for any 
g E En and E>O there exist numbers 6>0 and aO>O such that 
It is shown in [ S ,  chapter I] that a directionally differentiable, 
locally Lipschitzian function is also uniformly directionally 
differentiable. 
5: 
Theorem 2. Let x E R be a minimum point of f on R . If f is 
* 
directionally differentiable a t  x and ft,,(g) is continuous in 
X 
g t h e n  
- df (x*) n y * c ~f(x*) . (1 2) 
X 
.rs 
If f is uniformly differentiable at x ther: 
Corollary. If f a t t a i n s  its minimal value a t  a n  interior point 
of t h e  set R ,  t h e n  df(x*) - C af(x*) . 
Remark. If f is quasidifferentiable and the sets df(xA) - and 
* * * 
if (x ) are convex then the relation df - (x ) C if (x ) is equi- 
valent to the inclusion 
which is familiar from quasidifferential calculus. 
Analogous necessary conditions for a constrained extremum 
of a quasidifferentiable function can be obtained from (12) 
and (13). 
The values a = I min f;(g) I , b = max f;(g) are called 
I H g n = l  IlgA=l 
the rates of steepest descent and steepest ascent, respectively, 
of f on En . 
Proposition 5. T h e  following relations hol?: 
a = inf {A > 01 zf(x) 3 df(x) - @ X O B} , 
b = inf {X > 0 1 df - (x) 3 zf (x) $ X o B} . 
Proof. Note that 
a = - min f'(g) = max (-f;(g)) = inf {~>~!-f;(q)<Xll~ll} ,
Il g II = 1 X Il g ll = 1 
b = max fi(g) = in£ {A > 0lf;(g) 5 Algll . 
lgll=l 
since f; (g) = 1 g 1 
- 1 g 1 , where I . I is the gauge of the set 1 
df (x) and 1 .  1 is the gauge of the set af (x) , we immediately 
arrive at (14) and (15). 
Note that 
max {arb) = If1(g) 1 = I[df(x) , af(x)] 1 . 
X - 
7. Differentiability of star-shaped-set-valued mappings 
We shall now use the space of star-shaped sets to derive a 
definition of differentiability for star-shaped-set-valued mappings. 
Let a : R - S be a mapping, where R is an open set in E and S 
n 
is the family of all star-shaped subsets of the space Em . 
Identifying S with the cone of elements of space T with the 
form [u,E,] , we can assume that a operates into the Banach 
space T . The mapping ais said to be strongly star-shaped c7,irec- 
tionally differentiable at x E R if there exists a mapping 
a' : En 
X 
- T such that for every g E En and sufficiently small 
a > 0 the following relation holds: 
O(a) - 0 where a Here the convergence is in the metric of 
a-+O 
space T . 
Let 
-30-  
Then ( 1  6 )  can be r e fo rmula t ed  a s  fol lows:  
+ [ a ( x + a g )  , a ( x ) l  = [ a  @ a x ( g )  (B o + ( a )  , a  O a;(g) Q o - ( a ) ]  . 
Since  t h e  p a i r s  of  sets on both s i d e s  of  t h i s  e q u a l i t y  d e f i n e  
t h e  same element  of  t h e  space  T , they  a r e  e q u i v a l e n t ,  i . e . ,  
+ + 
a(x+ag)  @ a  O a;(g) Q o - ( a )  = a ( x )  Q a O a x ( g )  Q o  ( a )  
Thus, a  mapping a i s  s t r o n g l y  s ta r - shaped  d i r e c t i o n a l l y  
d i f f e r e n t i a b l e  i f  and on ly  i f  t h e r e  e x i s t  mappings a-  : E - S , 
x n  
a+  : E~ - S which s a t i s f y  ( 1 7 ) .  
X 
Remark. S e v e r a l  o t h e r  d e f i n i t i o n s  of t h e  d e r i v a t i v e  o f  a  mapping 
have been proposed.  These a r e  based on t h e  u s e  of  t h e  space  of  
convex s e t s  and t h e  d e r i v a t i v e  of t h e  suppor t  f u n c t i o n  o f  a 
mapping ( s e e ,  f o r  example, 15, chap te r  1 1 1 ) .  
L e t  us a s s o c i a t e  a  gauge 1 . 1  with  each s e t  a ( x )  . Thi s  
X 
means t h a t  we d e f i n e  a  mapping (an a b s t r a c t  f u n c t i o n )  x  - I . l x  
wi th  va lues  i n  C ( E  ) . It  fo l lows  from t h e  d e f i n i t i o n  t h a t  a  0 n  
mapping a i s  s t r o n g l y  s ta r - shaped  d i f f e r e n t i a b l e  i f  and on ly  i f  
t h i s  a b s t r a c t  f u n c t i o n  i s  d i r e c t i o n a l l y  d i f f e r e n t i a b l e  ( i n  t h e  
topology of s p a c e  CO ( E n )  ) . 
W e  s h a l l  now c o n s i d e r  an- example. 
Le t  f ( x , y )  be  a f u n c t i o n  de f ined  on R x Em (where R i s  an 
open s e t  i n  E ) .  Assume t h a t  it i s  nonnegat ive ,  cont inuous and 
n  
cont inuous ly  d i f f e r e n t i a b l e  wi th  r e s p e c t  t o  x  i n  i t s  domain. 
Suppose a l s o  t h a t  f  i s  ~ o s i t i v e l y  homogeneous i n  y  : 
Set 
It is easy to check that the gauge [ . I x  of the set a(x) co- 
incides with the function f (x, ) . From the properties of f 
it now follows that the mapping a is directionally differen- 
tiable and that the function 
corresponds to ai(g) (through a natural isomorphism). 
Note the following relations between strong differentiability 
and algebraic operations: 
1. Let al : R - S and a2 : R - S be strongly directionally 
differentiable mappings, and let al @ a2 be their inverse sum: 
Then the mapping al $ a2 is directionally differentiable and 
2 .  Let a mapping a : R - S and a function f : R - El be 
directionally differentiable. Then the mapping b: x-f (x) O a (x) 
is directionally differentiable and 
To prove these two assertions it is necessary to view the 
mappings $2 + as single-valued mappings R + T and to make use 
of the properties of directional derivatives of single-valued 
operators. The following property can be proved in the same 
way : 
3. Let mappings F : Z + R and a : R + S be directionally 
differentiable and a be Lipschitzian. Then the mapping b(x)=a(Fx 
is also directionally differentiable and bi (g) =six (F: (g) ) . 
We say that a strongly directionally differentiable mapping 
a is strictly quasidifferentiable if its derivative a'(g) belongs 
X 
to the subspace Tc of space T or, equivalently, if there exists 
- + 
a representation a' (g) = [ ax (g) , ax (g) I , where sets a: (g) and X X 
+ 
ax (g) are convex. 
The function ?.I (x,y) = lyl , where 1 .  I x  is the gauge of set 
a(x) , is called the gauge function of the mapping a . If a is 
strongly quasidifferentiable (in g), then the function ?.I is 
directionally differentiable and the following eguality holds: 
v;(~,y,g) = lyl - - (yl+ = max (1,~) + min (1,~) 
1EA 
g 
1EB 9 
+ 
where I . I - and . ( +  are the gauges of the sets a; (g) and a (g) , 
X 
0 - + 0 
respectively, and A = [ 1 , Bg - - [ ax(g) 1 . The element 
9 
[A .B ] = n(a;(g)) of the space of convex sets (where n is the 9 9 
polar operator) is called a quasidifferential of the mapping a 
in direction g . 
Let a mapping a have convex images and the polar mapping 
a0 be aefined by 
Applying the polar operator IT to the equality 
we obtain 
This provides a proof of the following theorem. 
Theorem 3. If a  mapping a p o s s e s s e s  t h e  p r o p e r t y  o f  s t r o n g  
( s t a r - s  h a p e d l  q u a s i d i f f e r e n t i a b i  I i t y ,  t h i s  i s  e q u i v a l e n t  t o  
s a y i n g  t h a t  a  s t r o n g  ( c o n v e x )  d e r i v a t i v e  o f  mapping  a0 e x i s t s .  
8. Weakly star-shaped directional differentiability 
Let a mapping a : - S have gauge function p . We say 
that a is weakly (star-shaped) differentiable in a direction 
g if for any y E En the partial derivative pi(x,y,g) exists. 
Note that the function y - v;(x,y,g) is not even required to 
be continuous. 
We shall now discuss in detail the conditions necessary for 
'w 
L m the partial derivative pi(x,y,g) to exist. Let a : En + 2 
be a mapping. Fix x E En , y E afx) and g E En . Let 
W e  s a y  (see [ 4 ] )  t h a t  t h e  mapping a  : En - a l l o w s  f i r s t -  
o r d e r  approx imat ion  a t  x  € En i n  t h e d i r e c t i o n  g  € E if fo r  n  
any n u m e r i c a l  sequence  { a  1 s u c h  t h a t  a k  - +O k  and any conver-  
g e n t  sequence  {yk} such t h a t  yk E a ( x + n  g )  t yk - y  , t h e  r e -  
"'k 
p r e s e n t a t i o n  yk = y  + a  v  k k  + o ( a k )  h o l d s ,  where 
Assume a l s o  t h a t  a i s  a  c o n t i n u o u s  mapping and t h a t  t h e  t o p o l o g y  
of S i s  induced  from t h e  Banach s p a c e  T  . T h i s  i s  e q u i v a l e n t  
t o  s a y i n g  t h a t  t h e  mapping x  - I .  l a ( x )  = p(x;) i s  c o n t i n u o u s .  
F i x  a n  e lement  yo  E E , and f o r  x  E fl t a k e  V ( x )  = [ p ( x , y o ) , c l j  . 
m 
W e  s h a l l  now d e s c r i b e  t h e  s e t  r V ( x , . , g )  ( t h e  c l o s u r e  o f  se t  
yV ( x ,  - , g )  c o n s t r u c t e d  f r o m  fo rmula  (1 8 )  . L e t  A E V(x)  . The 
r e l a t i o n  . v  E yV(x,A,g)  means t h a t ,  fo r  a  s u f f i c i e n t l y  s m a l l ,  
w e  have 
I f  A > p ( x , y o )  t h e n  (1  9 )  i s  v a l i d  f o r  e v e r y  v  ( w i t h  a  s u f f i c i e n t l y  
s m a l l ) .  I f  A = p ( x , y o )  t h e n  ( 1 9 )  can  b e  r e w r i t t e n  i n  t h e  form 
Now w e  have 
where 
P r o p o s i t i o n  6 .  A mapping a  is weakly star-shaped directionally 
differentiable at x  if and only if the mapping V allows first- 
order approximation in every direction for a l l  y  0 € E n . 
P r o o f .  1 .  L e t  V b e  s u c h  t h a t  f i r s t - o r d e r  a p p r o x i m a t i o n  i s  
a l l o w e d  i n  a  d i r e c t i o n  g  , and a k  - +O . Then 
and t h e r e f o r e  
, I 
where vk 5 u x ( ~ t ~ 0 t 9 )  T h i s  l e a d s  t o  
2 .  L e t  a  be  d i r e c t i o n a l l y  d i f f e r e n t i a b l e .  Then t h e  d e r i v a t i v e  
p;(x,y , g )  e x i s t s  f o r  e v e r y  y  E a ( x ) ,  g  E En . L e t  A k  - A , 0  0 
A k  E V(x+Akg) . Then 
If A=p(x ) , set v =a p' (x,yolg) and we have a representation ly0 k k x  
which is used in the definition of the first-order approxima- 
tion. 
If A > p(x,yo) then this representation is obvious, and 
the proposition is proved. 
Remark. The gauge function can be viewed as a minimum function 
with dependent constraints 
p(x,yo) = min h , 
hEV(x) 
and therefore its differentiability can be studied with the 
help of a theorem by Demyanov [ 4 ] .  However, this theorem is 
proved under the assumption that V allows first-order approxima- 
tion. Proposition 6 shows that this assumption is absolutely 
essential in the case under consideration. 
It is clear that the inverse sum of weakly differentiable 
mappings is also weakly differentiable. If a is weakly dif- 
ferentiable, f(x) 2 0 and f is a directionally differentiable 
function, then the mapping b(x) = f (x) O a(x) is also weakly 
differentiable. 
Let ai : R - S (iE1:N) be a weakly directionally differen- 
tiable mapping. Then the union of these mappings a (x) = U ai (x) 
- 
iE1 :N 
and their intersection a(x) = n a. (x) are also weakly 
iE1 :N 1 
directionally differentiable. If pi is the gauge of the mapping 
a then the derivatives of the gauge functions and u of the i - 
mappings a and - a are described by the following equations: 
Q x , Y , ~ )  = min u ~ ( x , Y , ~ )  , 
i E Q ( x I y )  
where R ( x I y )  = { i ~ l  : N ~ ; ( X , ~ )  = u i ( x , y )  I , Q ( x , y )  = { i E l  : N J ~  ( ~ : , y ) = ~ ~ ( x , y )  1. 
W e  s h a l l  now c o n s i d e r  some examples  o f  weakly  d i f f e r e n t i a b l e  
mappings. 
Example 4 .  L e t  1 : E - Em be  d i r e c t i o n a l l y  d i f f e r e n t i a b l e  and 
n  
se t  
I t  i s  clear t h a t  a ( x )  i s  a s t a r - s h a p e d  s e t ,  w i t h  gauge 
The d e r i v a t i v e  o f  p ( x , y )  a t  x  i n  d i r e c t i o n  g  (where y  i s  f i x e d )  
e x i s t s  and i s  g i v e n  by 
Thus t h e  mapping a i s  a t  least  weakly  d i f f e r e n t i a b l e .  The 
f u n c t i o n  y - u;(x ,y ,g)  may be  d i s c o n t i n u o u s ,  and  i n  t h i s  c a s e  
t h e  mapping a i s  n o t  s t r o n g l y  d i f f e r e n t i a b l e .  
Example 5. Let a(x) = {yl(li(x),y) 6 1 , iE1:kl , where the 
li : En - Em are directionally differentiable mappings. Take 
ai(x) = {yl (li(x),~) 61) since a(x) = n a. (x) we deduce that 
i J. 
the gauge p of mapping a is of the form 
where 10(x) = 0 Vx E En . 
The function p is directionally differentiable for any fixed 
y and 
where R(x,y) = {i Iu (x,y) = (li (x) ,y) 1 . 
Example 6. Let lij : En - Em(iEl :k (j) ; jE1 :p) be directionally 
differentiable mapings 
The gauge function p of mapping a is given by 
- 
~(x,y) - min max (l..(x),y) , 
jE1:p iEO:k(j) 1 3  
where 1 (x) = 0 VjE1:p; V X E E ~ .  
0 j 
The function p is directionally differentiable and hence the 
mapping a is weakly differentiable. 
Example 7 .  L e t  
where Ui , i E l : k  . a r e  s t a r - s h a p e d  sets i n  E 
m ' 
t h e  g i  a r e  
f u n c t i o n s  d e f i n e d  i n  E , and t h e  set  
n  
is n o t  empty. F o r  x  E  R t h e  set  a ( x )  i s  s t a r - s h a p e d  w i t h  gauge 
' Y ' ~  
l y l x  = p ( x , y )  = min 
i g i ( x )  
where \ . I i  i s  t h e  gauge of  se t  Ui  . 
I t  i s  c l e a r  t h a t  t h e  mapping a  i s  weakly d i f f e r e n t i a b l e .  
Ana logous ly ,  t h e  mapping 
i s  a l s o  weakly d i f f e r e n t i a b l e  w i t h  gauge 
Example 8. L e t  F  : En + Em be a d i r e c t i o n a l l y  d i f f e r e n t i a b l e  
mapping w i t h  c o o r d i n a t e  f u n c t i o n s  f i  . iE1:m . Take 
and assume that R is not empty. Consider the mapping 
defined on R . 
Since a(x) can be rewritten in the form 
Y i 
a(x) = {yl f; (x) s 1 1  , 
it is clear that the gauge of the mapping a is 
I 
~l(x,y) = max 
f :  ( X I  
It is possible to introduce the notion of quasidifferen- 
tiability for weak derivatives as well as strong derivatives. 
We say that a mapping a : R - S is weakly quasidifferentiable 
if for every y E En there exist convex compact sets A and B 
Y Y 
such that 
vx(x,y,g) = max (1.g) + min (1,g) , 
1EA 
Y 
1EB 
Y 
where v is the gauge of mapping a . 
We shall now consider one application of weak quasidif- 
ferentiability to extremal problems. 
Let Z be a set described by Z = {x E Rly E a(x)} , where 
a is a mapping defined on an open set R C E and operating 
n 
into the set S of star-shaped subsets of En ; y is a fixed 
- 1 
vector from Em . In other words, Z = a (y). (A more general 
case is discussed in [9] . )  It is necessary to construct the 
cone of feasible directions of Z at x E Z . 
If p is the gauge function of mapping a then 
If a is weakly quasidifferentiable we can consider the cones: 
Let yx denote the cone of feasible directions of Z at z . Then 
C 
Y1 Yx Y2 . From [ 5, chapter 1 ,  proposition 2 5 101 , it 
follows that if 
where 
- 
and axu(x,y) and ~3~p(x,y) are respectively a superdifferential 
and a s ~ ~ b d i f f e r e n t i a l o f f u n c t i o n  p with respect to x , then 
Consider the following example. Let 
a(x) = (v E Emlv 5 Fx) , 
where F is a quasidifferentiable mapping with coordinate func- 
tions fi, iEl :m ; y= U= (1,. . . . I  ) . Then (see Exanple 8 above) 
I 
- 
I 
II(X,Y) = max f, (x). - min f, (x) * 
The inequality II (x, y) I 1 is equivalent to both 
min f. (x) 2 1 
i 1 
and 
max gi(x) I 0 , 
i 
where gi (x) = 1 -f (x) . 
9. Trajectories of star-shaped mappings 
Let us now discuss the asymptotic behavior of trajectories 
generated by a star-shaped mapping. Problems of this type 
commonly arise in mathematical economics, where they are studied 
under additional convexity assumptions. The same problems 
without the convexity assumptions have been discussed in [6]. 
Let X be a star-shaped compact set in En . A Hausdorff 
continuous mapping a : X - nst (XI defined on X is called a 
3 d i s c r e t e  d i s p e r s i b l e  dynamic s y s t e m  (D -system). Here llst(X) 
is the family of all star-shaped subsets of set X . 
A sequence {xi(iEO,l .... 1 of elements of X such that 
is called a t r a j e c t o r y  of the D3-system a . 
A nonempty subset R of set X is called a s e m i i n v a r i a n t  s e t  
of the D3-system a if a(R) C R . Take 
t+l t for 5 E nst (X) , where a ( 6 )  = a(a ( 5 ) )  . 
3 
A point x E X is called a Pois son  s t a b l e  p o i n t  of D -system 
a if x E Pa(x) = Pa({x}) . 
3 
A set M E \,(X) i.s called a t u r n - p i k e  s e t  of D -system a 
- 
if p(xt,M) + 0 for any trajectory {xt} of this system. Let M 
denote the intersection of all turn-pike sets. 
A functional h defined on X is said to be i n  e q u i l i b r i u m  
if h is continuous, h(x) 1 0 V x  E X , and 
Let the functional h be in equilibrium. Take 
(h o a) (x) = h(a(x) = . max Eh(y) ly E a(x) 1 
for x E X and set 
where the intersection is taken over all functionals in equilibri~~. 
It is shown in [ 6 ]  that W 3 M . 
Let C be a compact subset of the space ll (X) in the 
st 
topology induced from the space of star-shaped sets T . 
A mapping a : X -, C is called qurrs ihomogeneous  if 
In addition, a(px) C pa (x) Wp > 1 for quasihomogeneous 
mappings. Some examples of quasihomogeneous mappings are given 
below. 
1 .  Concave ma p p in g s  (under the additional assumption 0 E a(0)) . 
A mapping a defined on a convex compact set X is concave if 
2 .  Homogeneoils ma p p ings  o f  d e g r e e  6 . A mapping a is homo- 
geneous of degree 6 if it follows from x,Xx E ,Y that 
Proposition 7. ~f Q mapping a : X -, 2 i s  qxcrsihomogerteous t h e %  
t h e  f u n c t i o n  
i s  i n  e q u i l i b r i u m ,  where  5 i s  a  s t a r - s h a p e d  s e m i - i n v a r i a n t  s e t .  
Proof. If x E 5 then h(x) = 1 . If y E a(x) then y E a (x) C 5 
since 5 is semi-invariant, and hence h(y) = 1 . 
Let x 9 6 and y E a(x) . Then 
If y E 5 then h(y) = 1 < h(x) . Let y 9 5 . Then, using the 
- 
inequality h(x) = X > 1 , the quasihomogeneity of the mapping 
a and the semi-invariance of 5 , we obtain 
Therefore h(y) = l y l  I = h(x) . This implies that h is in 
equilibrium and proves the proposition. 
Lemma 2. I f  C i s  a  compact s t a r - s h a p e d  s e t ,  t h e n  f o r  any  n 
t h e r e  e x i s t s  a n  E > 0 s u c h  t h a t  
Proof. Assume the converse to be true. Suppose that there exis= 
sets {gk3 , {vk) , gk E B , vk E C , vk - v and a number n' > o 
such that vk+gk/k 1 ' ) C . Taking the limit as k - OD we 
obtain v 9 (l+nf)C , which contradicts the inclusion v E C and 
thus proves the lemma. 
Theorem 4. I f  a : X - nst (X) i s  a  quas ihomogeneous  mapping and 
a(x) E 2 f o r  e v e r y  x , t h e n  W = M = ff where ff i s  t h e  f a m i l y  
o f  a22 P o i s s o n  s t a b l e  p o i n t s .  
Proof. It is necessary to check the inclusions H 3 W , M 3 H . 
1. We shall first verify H 3 W . If x 9 H , then x C Pa(x) . 
The set P (x) is star-shaped (since a(x) E Z and Z is compact) 
a 
and semi-invariant. Let h be the function defined in Proposition 
7 with respect to set 6 = Pa(x) . Then h is in equilibrium and 
since x 9 Pa (x) we have h (x) > 1 . 
However, we also have a(x) E Pa(x) and therefore (h o a) (x)=l . 
Thus x 9 Wh and hence x W . 
2. To verify M 3 H , we first let x E H , i.e., x E P,(x) . 
From Lemma 2 it is clear that for every E E (0,l) there exists 
a number t such that 
Consider a sequence of positive numbers {E ) such that 
m k 
fl ( converges to some number V E (0.1 ) . Using (20) and 
k= 1 
the quasihomogeneity of a we can construct a trajectory x = Ex ) 
j t 
starting from x and containing the subsequence {x = n (1 -ck) x] . 
tj k=l 
This means that vx is a limit point of the trajectory x and 
therefore vx E M . Since V is an arbitrary number we conclude 
that x E M . This completes the proof of the theorem. 
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